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Conventional approach 
Ionosphere model by Ohmic current region 

j⊥ =σ P E+ un ×B0( ) +σ H êB × E+ un ×B0( )

・derived from charged particle mobility, under presence of electric field 
・connect it to field-aligned current through div(j)=0  
・FAC is carried by shear Alfven wave 

However, in this formulation, we cannot well understand 
how magnetosphere and ionosphere are seamlessly coupled!!

Especially, in the context of global (B,V) description   

・coupling (B,V) description of magnetosphere and (E,J) description of is required 

E+ un ×B0
E-field in the neutral frame 

σ P Pedersen conductivity 

σ H Hall conductivity 



Outline 
(1) Fluid description (B,V) for partially ionized system  

(2) M-I coupling via shear Alfven wave

・wave generation and propagation and their relation to velocity shear

・wave propagation inside the ionosphere

・Plasma Equation of motions

・Generalized Ohm’s law

・atmospheric dynamo

・magnetospheric dynamo

・3D current closure inside ionosphere



Fundamental evolution 
equations of physical 

quantities Qk 

Qk = B,E,J,V,Vn



evolution of B-field

evolution of E-field
∂
∂t
E =

∇×B( )− µ0 j
ε0µ0

∂
∂t
V = ?evolution of plasma velocity

evolution of current density
∂
∂t
j = ?

evolution of neutral velocity
∂
∂t
Vn = ?

What’s drive What in the weakly ionized system?



momentum equations in 
the collisional system

mini
∂
∂t
v i = eni E+ v i ×B( )−∇⋅ pi −miν inni v i − vn( )−meνeini v i − ve( )

for ion fluid

for electron fluid

for neutral fluid

(1)

(2)

(3)

Lorentz force kinetic tensor
momentum exchange
between plasma and 

neutral  

momentum exchange 
between electron and ion

ρn
∂vn
∂t

+ (vn .∇)vn
⎡
⎣⎢

⎤
⎦⎥
= −∇pn − ρnνni (vn −Vi )− ρnνne(vn −Ve )+ Fn

mene
∂
∂t
ve = −ene E+ ve ×B( )−∇⋅ pe −meνenne ve − vn( ) +meνeini v i − ve( )

momentum exchange
Between ion and neutral  

momentum exchange
Between electron and 

neutral  



One fluid−description for global phenomena 
(Hall MHD approximation)

j = en v i − ve( ) V = miv i +meve
mi +me

ρ = mi +me( )n

v i = V + me

ρe
⎛
⎝⎜

⎞
⎠⎟
j ve = V − mi

ρe
⎛
⎝⎜

⎞
⎠⎟
j

current density barycentric velocity mass density

ion velocity electron velocity

n = ni = ne
plasma density

P = Pi + Pe
pressure gradient

＋ - << ＋ - >> ＋ - >> 
mi >> me



One-fluid description of ion and electron���
(motion and current)

for ion min
d
dt
V + me

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ = en E+V ×Β( ) + me

mi +me

⎛
⎝⎜

⎞
⎠⎟
j×B−minν in V − vn −

me

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ −

miν ie

e
⎛
⎝⎜

⎞
⎠⎟ j−∇pi

for electron men
d
dt
V − mi

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ = −en E+V ×Β( ) + mi

mi +me

⎛
⎝⎜

⎞
⎠⎟
j×B−menνen V − vn +

mi

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ −

meνei

e
⎛
⎝⎜

⎞
⎠⎟ j−∇pe

current  density

equation of motion

en d
dt
V + me

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ =

e2n
mi

⎛
⎝⎜

⎞
⎠⎟
E+V ×Β( ) + e me

mi

⎛
⎝⎜

⎞
⎠⎟
j×B
mi +me

− enν in V − vn −
me

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ −ν ie j−

e∇pi
mi

−en d
dt
V − mi

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ =

e2n
me

⎛
⎝⎜

⎞
⎠⎟
E+V ×Β( )− e mi

me

⎛
⎝⎜

⎞
⎠⎟
j×B
mi +me

+ enνen V − vn +
mi

ρe
⎛
⎝⎜

⎞
⎠⎟
j

⎡

⎣
⎢

⎤

⎦
⎥ +νei j+

e∇pe
me

ionic current

electron current

dominant part
cancellation part

inertial part Lorentz force Ampere force momentum exchange
 to neutrals 

momentum exchange
between ion and electrons

ion :  main portion of plasma dynamics electron :  main portion of current carier



Equation for motion of plasma

ρ ∂
∂t
V = j×B−∇P − n miν in +meνen( ) V −Vn( )−me ν in −νen( ) j

e

inertial

Ample force

pressure gradient

momentum exchange  between neutral and
charged particles

friction force along j

electromotive e-field

Hall 
e-field

am-bipolar field

 
emf
 

= V ×B+
B ν in −νen( )

Ωe

V − vn( )− ∇pe
ne

resistive e-field

convection electric field

electric field induced by momentum 
exchange effect

Generalized Ohm’s law

 

!
R ⋅ j = B

ne
⎛
⎝⎜

⎞
⎠⎟

νen +νei

Ωe

⎛
⎝⎜

⎞
⎠⎟
j+ j× b̂( )⎡

⎣
⎢

⎤

⎦
⎥

 

∂
∂t
j = ε0ω pe

2 E+ emf
! "!!

−
#
R ⋅ j( )

reactive-field



Distribution of  collision frequency

controls the momentum exchange  between neutral and charged particles

miν in > meνen

νen >>ν in

All altitudes

180km

νen >νei

80km

νen

Ωe

>1

ν in

Ωi

>1

140km

ν in >νei

110km
max(νei )

νen

Ωe

<1
ν in <νei

ν in

Ωi

<1νen <νei

From Song, et al., [2001] 



Equation for motion of plasma 
(dominant)

inertial Ampere force pressure gradient force
momentum exchange

  between ion and neutrals
friction force along j

miν in >> meνen

ν in <<νen

everywhere important
dominant

 in the ionosphere important below 80kmimportant ω>~νin

Important near plasma sheet

∂
∂t
V = −ν in V −Vn( ) + j×B

ρ
+ B
ρ

νen

Ωe

⎛
⎝⎜

⎞
⎠⎟
j− ∇P

ρ



Generalized Ohm’s law (dominant)

Electromotive e.m.f. e-field
 

∂
∂t
j = ε0ω pe

2 E+ emf
! "!!

−
#
R ⋅ j( )

Hall e-fieldresistive e-field

convection 
e- field e-field induced by

momentum exchange effect

 

!
R ⋅ j = B

ne
⎛
⎝⎜

⎞
⎠⎟

νen

Ωe

⎛
⎝⎜

⎞
⎠⎟
j⊥ + j× b̂( )⎡

⎣
⎢

⎤

⎦
⎥

Current evolution equation 

e-field

reactive-field

 
emf
! "!!

= V ×B− B νen

Ωe

⎛
⎝⎜

⎞
⎠⎟
V − vn( )



Electromagnetic wave Radiation
evolution of B-field evolution of E-field

∂
∂t
E =

∇×B( )− µ0 j
ε0µ0

1
c2

∂2

∂t 2
E+∇× ∇×E( ) = −µ0

∂
∂t
j evolution eq of J?

no!! electromagnetic field radiations eq by changing of current
(like a dipole antenna) 

we need to know how J is produced by electro-dynamics (not -magnetics)

 

∂
∂t
j = ε0ω pe

2 E− emf
 

−

Rj( )

 


Rj = B

ne
⎡
⎣⎢

⎤
⎦⎥

νen +νei

Ωe

⎛
⎝⎜

⎞
⎠⎟
j+ j× b̂

⎡

⎣
⎢

⎤

⎦
⎥





Reduced (fundamental) eqs ���
from magnetosphere to ionospheric E-region 

ρ d
dt
V = j×B−∇p − ρν in V − un( ) E ≅ −v ×B− j×B

en

magnetosphere 

inside E-region 

Every where important for plasma 

plasma frozen-in condition 

Same as electron frozen-in condition
(ion demagnetization) 

ν in
−1 >>Ωi

−1

d
dt

ρv2

2
⎛
⎝⎜

⎞
⎠⎟
= j×B( ) ⋅v −∇p ⋅v − ρν in v − un( ) ⋅v j×B( ) ⋅v = j ⋅E = ∇⋅S

E+ ve ×B = 0



Magnetospheric Generator 

“Generator” region can be defined as a region  enable to 
production of velocity  shear (vorticity) both parallel 
and perpendicular direction to B0 by the mechanical 

balance.

∇× v( )// ∝ ∇⋅E⊥( ) êB

v⊥ = E× êB
B0

Parallel shear induces (div E⊥)

perpendicular shear produces (rot E⊥) .
∂
∂s
v⊥ ∝ ∇× v( )⊥ ∝ ∇×E⊥( )⊥

∇× v( )// ∇× v( )⊥

Note: ∇⋅ ∇ × v( ) = 0 ∇ // ⋅ ∇ × v( )// = −∇⊥ ⋅ ∇ × v( )⊥
vorticity conserves as like a current  

B0 

∇⋅ j = 0 ∇ // ⋅ j// = −∇⊥ ⋅ j⊥

j⊥ = B0ΣA ∇× v( )⊥

j// = B0ΣA ∇× v( )//

∇⋅ j⊥ = 0 ∇⋅ ∇ × v( ) = 0

Shear Alfven wave 

Always inductive!! 



Induction process: generation and propagation  
shear Alfven wave	

(1) Generator ：drives enhanced convection velocity by balance of acceleration by 
                           pressure gradient force and deceleration by the magnetic tension force	

(2) velocity shear along corresponds to rot(E) 
→ development of magnetic field

　　        → development of magnetic tension
→　acceleration of 

                               plasma flow at wave front

・ role of Alfven wave　→　disappearance of velocity shear along B0	

･　Generator acts until difference of convection velocity along B0

        is disappeared	

∂
∂s
V⊥ ∝ ∇×E( )⊥ ∝ ∂

∂t
b⊥ → j×B0 → ρ ∂

∂t
V⊥

V0

V

Generator	

E0

B0

j×B0( ) ⋅v0 > 0 −∇p ⋅v0 < 0

∇ // ⋅S// > 0

VA



Wave reflection by plasma inhomogeneity 

shear Alfven wave incident on higher density plasma region 

Magnetic tension with incident wave don't accelerate in the level of generator velocity
(braking of plasma flow)   

Generation of plasma flow in the opposite direction 

generation of  reflected shear Alfven wave 

Incident +reflection → deceleration of convection velocity    



Propaga+on	  of	  shear	  Alfven	  wave	  inside	  the	  ionosphere	
・Magnetic  tension produced by the wave front current 
accelerates the plasma in the ionosphere and accelerated plasma is 
gradually braking by the plasma (ion) collision to the neutral.

・This means perpendicular current density is not only composed 
of the polarization current but also by the braking current, of 
which directions are opposite each other.

・Braking current radiates the shear Alfven wave by induction 
loop

・After wave front passage, accelerated plasma at the wave front 
is slower than that of  back ward plasma velocity at the 
magnetospheric  side

・Resultant total perpendicular current is gradually decreasing 
during wave passage in the ionosphere

・M-I coupling process via shear Alfven wave would terminated 
when the perpendicular current produced by the wave front 
current cannot accelerate the ambient plasma. 

ρ ∂
∂t
v = j×B0 − ρν inv

j⊥ = − ρ
B0
2
∂
∂t
v ×B0 −

ρν in

B0
2 v ×B0

lower	  part	

Upper	  part	  of	  E-‐region	

Braking	  current	  

polariza6on	  current	  

polariza6on	  current	   Braking	  current	  



plasma – neutral interaction 
j×B ≅ ρν in V − un( )

j×B( ) ⋅V" ≅ ρν in V
" 2 V ' ≅ V − un

In the neutral frame 

j×B( ) ⋅v ≅ ρν in V − un( ) ⋅v = j ⋅E

j ⋅E > 0 for v > un j ⋅E < 0 for v < un

Work done by  Ampere force  =  work done by momentum exchange by collision  

Atmospheric load Atmospheric dynamo 

Electromagnetic energy is converted into 
mechanical energy 

Electromagnetic energy is generated from 
mechanical energy 

Equivalence of electromagnetic load and mechanical load 

Work done by  Ampere force  =  heating by plasma 

In the rest (plasma) frame 



From Strangeway [2001] 

Steady M-I coupling 

Enhanced flow at high altitude generator 
Bending of field line (dB). 
JxB force in generator . J opposite to –VxB   (J.E<0) 

FAC at the edges of shear region 
Current closure requires J at in ionosphere  

Current loop gives dB required by field bending 

Poynting flux (S=ExdB) into the ionosphere 

Friction heating in ionosphere 



Atmospheric dynamo 

neutral wind 

Plasma flow (within the dynamo region) 

Magnetic perturbation, current   

Electric field (within the dynamo region) 

Momentum exchange by Ion-neutral collision 

Generalized Ohm”s law 

Non-zero curl E (different E within and outside dynamo region along B0) 

Plasma flow out side dynamo region 
Ampre froce (magnetic tension acting plasma ) 

To the magnetosphere 
Alfven wave generation 



Transi6on	  of	  Ionospheric	  Ohm’s	  law	

At the lower ionospheric region (E-region and below), mechanical balance between jxB force 
and collisional damping becomes dominant

convection electric field can be replaced by resistive electric field by ions collision to neutrals

Hall electric field becomes important at lower ionosphere satisfies

 j×B0 ! ρν inv

 
−v ×B !

j×B0( )×B0
ρν in

= B0
2

ρν in

j⊥ = Ωi

ν in

⎛
⎝⎜

⎞
⎠⎟

B0
en

⎛
⎝⎜

⎞
⎠⎟ j⊥

E+ v ×B− j×B
en

= 0

E⊥ = B0
en

⎛
⎝⎜

⎞
⎠⎟

Ωi

ν in

j⊥ + j⊥ × b̂
⎛
⎝⎜

⎞
⎠⎟

Ωi <ν in

（electron frozen-in） 

Hall electric field (EH) Resistive electric field(ER)  

rot(EH) ⊥ develops the horizontally closing current!! 



Dusk	  
side	Sun	

B B 

Dawn	  
side	

90km	  

140km	  

Convec6on	  in	  upper	  
ionosphere	

Pedersen current	

Hall current	

Field-‐aligned	  currents	

E 

E 

E 

Al6tude	  profile	  of	  
current	

PedersenJ

HallJ

Current	  in	  Ionosphere	



3D	  current	  closure	  produced	  by	  Hall	  MHD	  simula6on	  	  
(with	  horizontally	  homogeneous	  plasma	  distribu6on)	

•  Field	  aligned	  currents	  are	  closed	  at	  al6tudes	  of	  90km～140km.	  
•  Loop	  current	  could	  be	  iden6fied	  in	  boSom	  regions	  of	  model.	  

	  140km	

90km	

dusk	 dawn	

noon	

midnight	

12	  

18	  

00	  

06	  

 
E⊥ !

B0
en

⎛
⎝⎜

⎞
⎠⎟

Ωi

ν in

j⊥
⎛
⎝⎜

⎞
⎠⎟

 E⊥ ! −V ×B0

 
E⊥ !

B0
en

⎛
⎝⎜

⎞
⎠⎟ j⊥ × êB( )

Ωi

ν in

>>1

Ωi

ν in

<<1

•  Upper	  boundary	  condi6on	  uses	  steady	  magnetospheric	  convec6on	  
	  	  	  	  	  	  	  	  obtained	  by	  global	  MHD	  simula6on	  

Ωi

ν in

~1



neutral acceleration

Ampere force

e.m.f fields
・convection electric field

momentum exchange 
by collision

pressure gradient

Faraday’s induction law

E-fields

current closure -relation

B-field

J distribution

Ampere’s law

plasma acceleration

・electron pressure gradient 

・electron momentum exchange to neutral

・Hall electric fields

・potential drop by collision

Summary  

Atmospheric 
dynamics

Plasma dynamics


