
NONEXTENSIVE STATISTICAL MECHANICS: 

OUTER SPACE AND WEATHER  
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TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Riemannian geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear/homogeneous Fokker-Planck equations, Gausssians 

                        Boltzmann-Gibbs entropy (additive) 

            Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear/inhomogeneous Fokker-Planck equations, q-Gaussians 

             Entropy Sq (nonadditive) 

                q-exponential dependences (asymptotic power-laws) 
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EXTENSIVITY OF THE ENTROPY  (N →∞)

If W (N ) ∼ μN   (μ >1) 
             ⇒  SBG (N ) = kB lnW (N ) ∝ N        OK!       

If W (N ) ∼ N ρ   (ρ > 0) 
             ⇒  Sq (N ) = kB lnq W (N ) ∝ [W (N )]1−q ∝ N ρ (1−q)

             ⇒  Sq=1−1 ρ (N ) ∝ N                          OK!

If W (N ) ∼ν Nγ
  (ν >1; 0 < γ <1) 

             ⇒  Sδ (N ) = kB lnW (N )⎡⎣ ⎤⎦
δ
∝ N γ  δ

             ⇒  Sδ =1 γ (N ) ∝ N                             OK!

IMPORTANT:        μN >>ν Nγ
>> N ρ    if   N >>1





|γ |=1               →   Ising  ferromagnet
0 <  |γ |  <1    →   anisotropic XY  ferromagnet
γ = 0                →   isotropic XY  ferromagnet

λ ≡ transverse magnetic field
L ≡ length of  a block  within a  N →∞  chain
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

  

V (r) ∼ − A
rα      (r →∞)        ( A > 0,   α ≥ 0)

                        integrable if       α / d >1       (short-ranged)
                non-integrable if  0 ≤α / d ≤1        (long-ranged)

-  modelXYα



α = 2

q = 1

α = 0.9

q = 1.58

L.J.L. Cirto, V.R.V. Assis and C. T., Pysica A (2013)  



L.J.L. Cirto, V.R.V. Assis and C. T., Physica A (2013)  

α = 2

q = 1

α = 0.9

q = 1.53



OZONE LAYER HOLE 

10-50 Km above Earth 

It absorbs 93-99% of the sun´s high frequency ultraviolet light 





G.L. Ferri, M.F.R. Savio and A. Plastino, Physica A 389, 1829 (2010)  



G.L. Ferri, M.F.R. Savio and A. Plastino, Physica A 389, 1829 (2010)  
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Total solar irradiance [Virgo/SoHO] 













q = 1.114 

q = 1.277 











q=1.15      
T=0.145 



P
H

E
N

IX
 @

 R
H

IC
 



   q 1.10



   q 1.10





(q = 1+1/n) 



p

p

L.J.L. Cirto and C. T. (2013) 



p c

E

mc

E m c p c

E mc p m

Ep

Ee

Ep

mp c

me c





Tackled by 
     Jacob D. Bekenstein 
     Stephen W. Hawking 
     Gary W. Gibbons 
     Gerard ‘t Hooft 
     Leonard Susskind 
     Michael J. Duff 
     Juan M. Maldacena 
     Thanu Padmanabhan 
     Robert M. Wald 
           and many others 
 







SINCE THE PIONEERING BEKENSTEIN-HAWKING RESULTS,

PHYSICALLY MEANINGFUL  EVIDENCE HAS ACCUMULATED 

(e.g., HOLOGRAPHIC PRINCIPLE) WHICH MANDATES THAT

 

                     

                         lnWblack  hole   ∝  AREA 

THIS IS PERFECTLY ADMISSIBLE AND MOST PROBABLY CORRECT. 

HOWEVER, 

IS THIS QUANTITY THE THERMODYNAMICAL ENTROPY???





Various arguments (phenomenological, holographic principle, 

                                                       string theory, area law, etc) yield

          SBG (L) ≡ kB lnW (L)∝ Ld−1  (d >1)

hence

         W (L)∝Φ(L) ν Ld−1

 with limL→∞
ln  Φ(L)

Ld−1 = 0;  e.g., Φ(L)∝ Lρ⎛
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⎞
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hence, for d >1, the entropy which is extensive is Sδ  with δ = d

d −1

i.e.,                     Sδ =d /(d−1)(L) = kB pi ln
1

pi

⎛
⎝⎜

⎞
⎠⎟

d

d−1

∝ Ld    
i=1

W (L )

∑ (d >1)

Consequently     Sδ =3 2
black  hole(L) = kB pi ln

1

pi

⎛
⎝⎜

⎞
⎠⎟

3
2

∝ L3    
i=1

W (N )

∑ !!!

C.T. and L.J.L. Cirto, Eur. Phys. J. C 73, 2487 (2013)  



 
 

 

 
 

 

 
 

   
 
 

 
 
 

 
 

 
 
 

 
 
 

 
 

 
 

 
 

EXTENSIVE

SYSTEMS

   W (N )

EXTENSIVE

EXTENSIVE

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

NONEXTENSIVE

NONEXTENSIVE NONEXTENSIVE

ENTROPY  SBG

  (ADDITIVE)

   ENTROPY  Sq
         (q ≠ 1)

(NONADDITIVE)

   ENTROPY  Sδ
         (δ ≠ 1)

(NONADDITIVE)

 

∼ μN

(μ >1)

 

∼ N ρ

(ρ > 0)

 

∼ν Nγ

(ν >1;
0 < γ <1)



See also: 
R.N. Costa Filho, M.P. Almeida, G.A. Farias and J.S. Andrade, PRA 84, 050102(R) (2011) 
F.D. Nobre, M.A. Rego-Monteiro and C. T., EPL 97, 41001 (2012) 
S.H. Mazharimousavi, Phys Rev A 85, 034102 (2012) 
A.R. Plastino and C. T., J Math Phys. 54, 041505 (2013)  
R.N. Costa Filho, G. Alencar, B.S. Skagerstam and J.S. Andrade, EPL 101, 10009 (2013) 
M.A. Rego-Monteiro and F.D. Nobre, Phys Rev A 88, 032105 (2013)  
B.G. Costa and E.P. Borges, preprint (2013)  



   

q − generalized Schroedinger equation
    (quantum non-relativistic spinless free particle)
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Its exact solution is given by

          Φ x,t( ) =Φ0  eq
i p  . x−Et( )  =Φ0  eq

i k  . x−ωt( )    

 with               

E = p2

2m
  (Newtonian relation!)  

E = ω    (Planck relation!)  
p = k      (de Broglie relation!) 
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F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



   

q-generalized Klein-Gordon equation: 
           (quantum relativistic spinless free particle: e.g., mesons π )

∇2Φ x,t( ) = 1
c2

∂2Φ x,t( )
∂t2 + q m2c2

2 Φ x,t( ) Φ x,t( )
Φ0
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  (q ∈R)

 Its exact solution is given by

           Φ x,t( ) =Φ0  eq
i p  . x−Et( )  =Φ0  eq

i k  . x−ω  t( )    
 with
            E2 = p2c2 + m2c4       (∀q)      (Einstein relation!)

Particular case:     m = 0 ⇒  q-plane waves
  F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



q-generalized Dirac equation: 
  (quantum relativistic spin 1 2  matter and anti-matter free particles: 
                                                                  e.g., electron and positron)

 i
∂ Φ x,t( )

∂t
+ i c α .∇( )Φ x,t( ) =  βmc2 A(q) x,t( )  Φ x,t( )      (q ∈R)
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   A i  j
(1) x,t( ) = δ ij( )     (4× 4 matrix)

where aj{ }  are complex constants.
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



Its exact solution is given by

           Φ x,t( ) ≡
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    being the same  ∀q

hence
            E2 = p2c2 +m2c4    (q∈R)    (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 
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       PHYSICS 

(Statistical     
        mechanics) 

  MATHEMATICS    
(Large deviation 
                   theory) 

 
     

 
 

 
 
 
 

 
 

 
      

  

pN ∝ e−βHN

     = e
− β

H N
N

⎡

⎣
⎢

⎤

⎦
⎥N

   

PN (x) ∼ e−N  r ( x )

   (N →∞)

   

PN (x) ∼ eq
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         1
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           q = 1
(quasi-independent)

  

pN ∝ eq
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H N
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G. Ruiz and C. T., Phys Lett A 376, 2451 (2012)  







G. Ruiz and C. T., Phys Lett A 376, 2451 (2012) 

ln ( ;  )P N n N x<



G. Ruiz and C. T., Phys Lett A 376, 2451 (2012) 

q = 1+ Q −1
γ (3−Q)



G. Ruiz and C. T., Phys Lett A 377, 491 (2013) 



G. Ruiz and C. T., Phys Lett A 377, 491 (2013) 
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BOLTZMANN-GIBBS STATISTICAL MECHANICS 
            (Maxwell 1860, Boltzmann 1872, Gibbs ≤ 1902) 
Entropy   
 
Internal energy 
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Paradigmatic 
differential  
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SBG → additive, concave, Lesche-stable, finite entropy production 
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NONEXTENSIVE STATISTICAL MECHANICS 
 (C. T. 1988, E.M.F. Curado and C. T. 1991, C. T., R.S. Mendes and A.R. Plastino 1998) 

Entropy   
 
Internal energy 
 
Stationary state 
distribution 
 
Paradigmatic 
differential  
equation 
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Sq → nonadditive, concave, Lesche-stable, finite entropy production   
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L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005) 
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